DAT 401 - DM

Prov pa delkurs Diskret Matematik
17 november 2001 kl 8-13 MA:9

Tillatna hjalpmedel: Litteratur, egna anteckningar

Tentamen bestar av 3 uppgifter, varje uppgift kan ge 10 poéang. Deluppgifter-
nas poéng anges inom [hakparenteser]. Observera att podnggivningen inte néd-
vandigtvis avspeglar deluppgiftens svarhetsgrad. Uppgifterna kan besvaras pa
svenska eller engelska.

Behandla hégst en uppgift per papper (det gar bra att behandla deluppgifter
pa samma papper). Skriv bara pa ena sidan och markera varje sida med dina
initialer. Skriv lasligt.

» a)[0] Hur manga uppgifter far man behandla per papper?
» b)[0] Far man skriva pa baksidan?

Det gar bra att referera till kursboken av Rosen eller Husfeldts anteckningar.
Referenser maste ha formen [R: ndgot] eller [H: ndgot], dar ndgot &r ett avs-
nittsnummer, en kodbit, en ridknad uppgift, etc. Skriv till exempel “genom att
anvinda Lemma [R:7.4]”.



Exercise 1 (Graphs, Probability)

A tournament is a directed graph T = (V| E) where
e for every vertex v € V' we have (v,v) ¢ E (no loops)

e for every pair of distinct vertices u,v € V' (u # v) we have either (u,v) € F
or (v,u) € E, but not both.

Of the next following three graphs, only the first is a tournament:

A A A

The name tournament is natural, since one can think of the set V as a set
of players in which each pair participates in a single match, where (u,v) € E
means that u beats v.

» a)[l] Draw a tournament on 4 players.

» b)[1] Find the number of different tournaments on 4 players, and on n players.

A tournament is pair-dominating if for every pair of players u,v there is
another player who beats them both.

» c)[1] Is the following tournament on 6 players pair-dominating?

» d)[1] Is there a pair-dominating tournament on 5 players? If yes, draw it. If no,
write ‘no.’

A random tournament is constructed as follows. Flip a coin for every pair
{u, v} of nodes and insert the edge (u, v) if the outcome is ‘tail’, otherwise insert
the edge (v, u).

» ¢)[1] Find the probability that player 1 wins all his matches.
» f)[1] Find the probability that no player beats both player 1 and player 2.
» ¢)[4] Assume that n is large enough so that

n\[(3\"
- < 1.
5) ()
Show that a random tournament on n players is pair-dominating with nonzero
probability (this shows that such a tournament exists).



Exercise 2 (Combinatorics)

This exercise considers permutations pips - - - p, of the numbers {1,2,...,n},
i.e., sequences where each number appears exactly once. A step-up is an index
k where the sequence ‘steps up’: pr < pr+1. Here are the step-ups for an
example permutation

9856732154,

where we have marked the step-ups by underlining them. The following 11
permutations of {1,2, 3,4} have exactly 2 step-ups:

1324 1423 2314 2413 3412

1243 1342 2341

2134 3124 4123

Based on this, we define the step-number <Z> to be the number of permuta-

tions of {1,2,...,n} with exactly k step-ups. We just saw <3> =11.
Just to avoid confusion, let us agree that

0N [ 1, itk=0;
E/ 10, ifk=1

» a)[1] Show (3) = 4 by listing all 4 permutations of {1,2, 3} with 1 step-up.

» b)[1] Find ().
)"

» ¢)[1] Is it true that
If yes, give a combinatorial argument. If no, give a counterexample.

» d)[2] Is it true thata
n\ 7 n
k/ \n—-1-k/

If yes, give a combinatorial argument. If no, give a counterexample.

» ¢)[2] (Harder) Give a combinatorial argument for the recurrence

n n—1 n—1
<k>:<k+n< 5 >+<n_k><k_1>.

» {)[3] (Easier than it looks) Prove the following impressive identity about step-up
numbers and binomial coefficients

n " In z+k . i
= t >n >0).
x ,;:O <k> ( n ) (integers' z > mn > 0)

by induction in n. You may use the recurrence from the previous exercise. Hint.
First prove (not by induction!) that

x(m;k> _(k+1)<2ﬁ> +(nk)(“’:_’ﬁ1>.

TIncidentally, the formula is true for all real  (the same proof works) but since we only
defined the binomial coefficients for integers we restrict our attention to those.




Exercise 3 (Recurrences)

A domino tile is a 2 x 1 piece that can have two different orientations: = or 0.
A 2 x 10 area can be covered with dominoes in many ways, for example

IHEd or BHH—HI

For n > 1, let a,, be the number of different ways to cover a 2 x n area with
dominoes. For example, as = 2 because there are only two ways to cover a 2 x 2
area: [0 and B.

» a)[l] Find a; and as.
» b)[3] Find a recurrence relation for ay.

» c)[3] Solve the recurrence relation from the previous question. If you didn’t solve the
previous question, solve the following recurrence: a1 = 3, a2 = 5, an = Gn—1+an_2.

An m-domino has dimensions m x 1 (so a domino is a 2-domino). Here is a
covering of 3 x 8 with 3-dominioes:

==

» d)[3] Find a recurrence for by,m, the number of ways to cover an m x n area with
m-dominoes. Solve the recurrence for m = 3.



